In this paper, we prove that for a given biquaternion algebra over a field of characteristic two, one can move from one symbol presentation to another by at most three steps, such that in each step at least one entry remains unchanged. If one requires that in each step two entries remain the same then their number increases to fifteen. If one requires that either three entries remain the same or that two entries are changed or multiplied by the same value then their number increases to forty-five.
Introduction
It is a well-known fact that over any field F , the group 2 Br(F ) (consisting of the elements of exponent 2 in the Brauer group of F ) is generated by quaternion algebras. (The case of characteristic two was proven by Albert in [1] and for other characteristics it was proven by Merkurjev in [3] .)
Hence, the quaternion algebras play a major role in the study of central simple algebras of exponent two, namely algebras with involution (of the first kind).
In characteristic 2, every quaternion algebra has a symbol presentation [α, β) = F [x, y : x 2 = α, y 2 = β, xy + yx = y] for some α, β ∈ F . In characteristic other than 2, every quaternion algebra has a symbol presentation (α, β) = F [x, y : x 2 = α, y 2 = β, xy = −yx] for some α, β ∈ F . Regardless of the characteristic, a non-central element x is called squarecentral if x 2 ∈ F . In characteristic two, a non-central element x is called Artin-Schreier if x 2 + x ∈ F . Two symbols might present the same algebra. For example, the real quaternion algebra is presented by both (−1, −1) R and (−1, −2) R .
Two tensor products of quaternion algebras might present the same algebra even if the quaternion algebras are not pair-wise isomorphic. For example, (−1, −1) R ⊗ (−1, −1) R = (1, 1) R ⊗ (1, 1) R , even though (−1, −1) R is a division algebra while (1, 1) R is a matrix algebra (and in particular they are not isomorphic).
The main question is whether two given tensor products of quaternion algebras present the same algebra. One approach would be to find a way to produce all the different presentations of a given algebra, provided one presentation. Chain lemmas are useful for that purpose.
For quaternion algebras, regardless of the characteristic, it is known that given two presentations of the same algebra, one could move from one presentation to the other by a chain of up to three steps, such that each step preserves one entry unchanged. In characteristic not two, if two presentations of the same algebra share a common slot, (α, β) = (α, β ′ ), then it is easy to see that β ′ = (a 2 − b 2 α)β for some a, b ∈ F . As a result, all the different presentations of a given quaternion algebra (α, β) can be obtained by a series of steps such that in each step we choose a, b ∈ F and change the symbol either to (α, (
As a result, all the different presentations of a given quaternion algebra [α, β) can be obtained by a series of steps such that in each step we choose a, b ∈ F and change the symbol either to [α, (a
. The chain lemma for biquaternion algebras in characteristic not two, i.e. algebras of the form (α, β) ⊗ (γ, δ), was studied recently in [4] and [2] . In the latter, the chain lemma was studied through quadruples of generators, i.e. a quadruple (x, y, z, u) such that x 2 = α, y 2 = β, z 2 = γ, u 2 = δ, xy = −yx, xz = zx, xu = ux, yz = zy, yu = yu, zu = −uz. The quadruple is divided into two pairs, (x, y) and (z, u). The first one corresponds to the first symbol and the other to the second.
In [2] the following changes of quadruples of generators are defined:
At most three generators are changed.
Λ 2 : At most one generator is changed in each pair.
Π : At most one pair is changed.
Ω : Two generators, one from each pair, are multiplied by the same element from the field generated over F by the product of the two remaining generators.
At most one generator is changed.
It was proven in that paper that every two non-commuting square-central elements have a third square-central element commuting with them both. It is rather easy to prove, using techniques that had been known already to Albert (see [1] ) that because of this fact, every two different symbol presentations of the same biquaternion algebra are connected by a chain of up to three steps of type Λ 3 (as opposed to five steps of type Λ 3 and ten of type Π as written in [2] ). In that paper, it was also proven that each step of type Λ 3 can be achieved by five steps of type Λ 2 ; Each step of type Λ 2 can be achieved by one step of type Ω and two of type Λ 1 ; A step of type Π is known to be achieved by three steps of type Λ 1 . All in all, one can move from one symbol presentation of the algebra to another by at most 6 steps of type Ω and 39 of type Λ 1 (as opposed to 10 and 135 in [2] ).
In terms of the symbols, Λ 1 is not different from the case of one quaternion algebra. The Ω step changes (α,
In this paper we prove a similar chain lemma for biquaternion algebras in case of characteristic 2. A quadruple of generators in this context is (x, y, z, u) such that
The changes of the the quadruples, Λ 3 , Λ 2 , Π, Λ 1 remain the same as before. In this context, Ω has two types, Ω s and Ω i . Ω s preserves two ArtinSchreier elements x, z and the other two generators are multiplied by some element of the form a + b(x + z). Ω i preserves two square-central elements y, u, and an element of the form ayu is added to the two other generators.
The
Biquaternion algebras in characteristic two
Let A be a biquaternion division algebra over a field F of characteristic two. Proof. There exist a, b ∈ F such that x 2 + x = a and z 2 + z = b. Let r = xz + zx, t = xz + zx + z = r + z. It is easy to see that xr + rx = r, and xt + tx = 0.
Since
The elements x and r generate a quaternion algebra over the center of F [x, z], and since t differs from x by a central element, F [x, z] is a quaternion algebra over its center.
Since F [x, z] is a subalgebra of a biquaternion algebra, it cannot be the entire algebra, and therefore its center is either F or a quadratic field extension of F . Proof. If the center of F [x, z] is a quadratic extension of F then it is generated by some w ∈ V , and that finishes the proof. Otherwise, according to Lemma 2.1 the center of
for some c, d ∈ F , and this also finishes the proof. Proof. If x are z are commuting Artin-Schreier elements then C A (F [x] ) is a quaternion algebra containing z. This algebra contains some q such that q 2 ∈ F [x] and zq + qz = q. The involution on F [x, u] taking x * = x + 1 and z * = z extends to A. In particular, q * x = xq * , and therefore q * ∈ C A (F [x] ). If q * = q then by taking u = q, u is square-central and zu + uz = u. Otherwise, the same goes by taking u = q + q * . In particular
) is a quaternion algebra containing u. This algebra contains some q such that q 2 + q ∈ F [x] and qu + uq = u. The involution on F [x, u] taking x * = x + 1 and u * = u extends to A. In particular, q * x = xq * , and therefore q * ∈ C A (F [x] ). For some β ∈ F , u 2 = β. Write µ = q(a + bu)q * for some unknown a, b ∈ F . Since q + q * commutes with u and is symmetric with respect to * , q+q * = c+du for some fixed c, d ∈ F . Obviously µ * = µ. We want µu+uµ = u. By easy calculation the condition becomes 1 = a + ac + bdβ + (ad + bc)u. Consequently, we want the following system to be satisfied:
This system has a solution, unless c(c
2 β then by taking z = q(a + bu)q * where a, b is a solution to the system above, z is Artin-Schreier and zu + uz = u.
If c(c
This means that q 2 + q is invariant under * , and therefore q 2 + q ∈ F . In this case we will take z = q. All in all, one can find an Artin-Schreier element z such that zu + uz = u and xz = zx, which means that A = A 0 ⊗ F [z, u]. x is in the quaternion subalgebra A 0 and therefore there exists some square-central element y ∈ A 0 such that xy + yx = y. Consequently, there is a chain (x, y, z, u)
. If w is square-central then according to Lemma 2.4 there exist s, t = 0 such that (x, s, t, w) is a quadruple of generators.
Similarly, there exist some s
Consequently, there is a chain (x, y, z, u) Proof. Let t = yy ′ + y ′ y and r = yy ′ + y ′ y + y ′ . It is easy to see that yt = ty and yr + ry = t. If t = 0 then y ′ = r commutes with y, but we assumed the contrary. Similarly, r = 0. Now, y ′2 = r 2 + t 2 + rt + tr ∈ F , yy ′ 2 + y ′2 y = rt + tr = 0, and therefore t is central in F [y, y ′ ]. Let q = yrt −1 . By easy calculation we get that q ∈ V and qr + rq = r. Consequently, Proof. A step of type Λ 3 preserves either an Artin-Schreier generator or a square-central generator.
Assume that it preserves an Artin-Schreier generator, i.e. (x, y, z, u)
Assume that they do not commute. According to Lemma 2.6, there exists either an Artin-Schreier element or a square-central element t commuting with both y and y ′ . If µ = xt + tx + t ∈ F then µ generates a quadratic extension in both
, and if inseparable then (x, y, z, u)
. Otherwise, t could be picked such that µ = 0 and then xt + tx = t, and therefore t must be square-central. In this case (x, y, z, u)
Assume that the initial Λ 3 -step preserves a square-centarl generator, i.e. (x, y, z, u)
. Assume that they do not commute. According to Lemma 2.1, there exists either an Artin-Schreier element or a square-central element t commuting with both x and x ′ . If µ = yt + ty ∈ F then µ generates a quadratic extension in both
If µ = 0 then t commutes with y and then if it generates a separable extension then (x, y, z, u)
. Let us assume that µ ∈ F \ {0} then for q = yt µ , qy + yq = y. Furthermore xq + qx = q. However x(qy + yq) + (qy + yq)x = 0 while xy + yx = y, which creates a contradiction. This case is therefore impossible. 
is a quadruple of generators. One can therefore do the following steps: (x, y, z, u)
. The element r = xz ′ + z ′ x was added in the middle step to the ArtinSchreier generators. This element commutes with y and u, and therefore it is in F [u, y] and consequently of the form a + by + cu + dyu. This element however also satisfies xr + rx = z ′ r + rz ′ = r. Hence, a = b = c = 0. Proof. If yu ′ + u ′ y = 0 then y commutes with u ′ and then one can do (x, y, z, u)
is a quadruple of generators. One can therefore do (x, y, z, u)
In the middle step, the square-central generators were multiplied by q = y −1 (yu ′ + u ′ y) −1 w ′ . This element commutes with x and z and therefore q ∈ F [x, z] and consequently of the form a + bx + cz + dxz. However, q commutes with yu ′ , and therefore d = 0 and b = c. −→ (x ′ , y, z, u ′ ). Otherwise, xu ′ + u ′ x + u ′ is square-central, and (x, y, z, xu ′ + u ′ x + u ′ ) is a quadruple of generators. Now, the element x + u ′ xu ′−1 commutes with all the elements in the quadruple, and therefore x + u ′ xu ′−1 ∈ F , and so xu ′ + u ′ x = cu ′ . If c = 0 then since x(xu ′ + u ′ x) + (xu ′ + u ′ x)x = xu ′ + u ′ x, we have x(cu ′ ) + (cu ′ )x = cu ′ , which means that xu ′ + u ′ x = u ′ . This contradicts the assumption that xu ′ + u ′ x + u ′ = 0. Therefore c = 0, which means that x and u ′ commute. In this case, one can do (x, y, z, u) 
